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A general solution of the 7-system of nonlinear ordinary
differential equations appearing in the reduction of the 4th order
Painlevé equation of type A4,"

By

Setsuji YOSHIDA

(Sagami Women's University)

Abstract

In the precedent papers [2] and [3] the author studied the higher order Painlevé equations of type
A,V and obtained its formal general solution under the condition b= 0. In this article we study a
7-system (E)+(F) which is derived from the reduction of 4,V | and gives a general solution for (E)+(F)
without the restriction b=0. First we solve the 3-system (F) and then we give an explicit solution

of the 4-system (E), which leads also to a formal general solution of 4, V.
Key Words: higher order Painlevé equation, reduction, general solution, 4, ¥

§1. A general solution of (F)

We study the 7-system of nonlinear ordinary differential equations which consists of 4-system ()

and 3-system (F). It is described by (E)
au ab
1) 2=V (@ e’ - T,
3 dUZ 2 2 2
12) «x e U,(A(x)—oxV, +ax™V, =20x7V5)
du
(13) x° d—x—’ =U, (A, (x) +20x’V, + ax’Vy)

du
14 x° d—x“ = U4()L4(x)—ax2V3)+%bx2U2 -ax’V, U,
and by (F)
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x dV, b
1.5) EEIZ Vl(Vz _2V3) _EVz

(1.6) gdd?:n(ﬂm%—m
x dv, b
an ZLs oy -+,

where

(1.8) A;(x) :(—l)f'lﬂ(x)+ajx2, AUx)=—k— fx
4 1
1.9 =— pB=—(b+c-d
19 a=r p=—(b+c-d)
(1.10) al=%(a—b)+1, azz—%(a—b)+1,
a3:%(a+c—d)+1, a4=—%(a+c—d)+l
(1.1 a,b,c,d .k, f, being complex constants.

In a generic case we can assume

(1L12) k=0,

A general solution of System (F) First we shall solve the 3-system (F) given by (1.5), (1.6), (1.7).
d
Noticing i—(Vl +7,)=0, we see
o dx ’
(1.13) V,+V;=C, , C, being an integration constant.

Then (1.5) and (1.6) are written by

x dV, b
(1.14) Egl:Vl(_zcl"'ZVﬁ'Vz)_EVz
(1.15) giZZZVz(ﬂ_ClJ"zVI"'Vz)
We see

x d bV
= —(ogV,-logV,)=-C, - f———=2

x d V. bV
1.16) ——(log—2*)=p+C, +——=%
(1.16) adx(ng) B+C, 57

1
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V.
Put 72 by W ,then W satisfies
1

1.17) d—W_%

W(B+C, +§W) *

Thus we have

<SS

-1
(1.18) W=-—2=(B+C, ){sz“(ﬁm‘) - 127} , C, being an integration constant,

1

and

{sz(t(/?#,‘]) _b}
119 v, =w7, B C—3 v,.
B+C,

By substituting (1.19) into (1.15), we have

v
1200 2 g o vow sy,
av,
and hence

g%{log (e =op, b= 2w + 17,
_ (2W71 + ])xa(ﬂ*C;) .x*a(ﬂ*(ﬂ)Vz
By introducing

(121) H=x*""y,

we have
x 1 dH .,
1.22) — oW )P
(1.22) a H? dx ( )
(1.23) % = ﬂjc %{ZCM‘M‘ +(B+C, — bR Y.
1
Hence
124) —H = lc (_%x—zacl +%xaw-m+cg)
+ 1 1 - LY

Cy, awe. B+C,=b Lyc .
1.25 H=(B+C )2x 2 - —x" )™,
(1.25) (8 1)(C1x 5~ )
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C, being an integration constant,

and

(B+C )
Q‘x—Za(?l _anw—m
C1 ﬂ - Cl

(1.26) ¥V, =x""""H =

_C3

C a(p+C,
F;(ﬁ+cl )x ey

_ ﬂ-"_cl - nga(ﬁﬂ‘]) _ C1C3 xZaCl
:B_Cl Cz Cz

1

Define (W,(x),W,(x),W;(x)) and put integration constants (C,',C,',C,") by
(127)  W(®)=C =C,

(1.28) W,(x)= 4('6(; b zfgcl XA 2 1 IO = 01 P
S P

(129)  W,(x)= %xhz(?l - C3,xzam ‘

2

By using (2.4) we obtain the proposition:

Proposition 1 The general solution of the system (F) is given by

b(B W, (x)

2p—beW. () m}(l IV, (5) W, ()

(130) 7= {Wl (%)~

_ B -

(1.31) Vz_ﬂ—b+Wl(x)

W, ()1 =W, (x) = Wy (x)) ™

(132) ¥, =) -V,(x)

b(p—~W,(x))

sz (x) =W, ()W, (x)}(l =W, (x)=W,(x)".

= {— W (X)W, (x) +

Remark 1 W W, W) = (W, (x), W, (x), W, (x)) satisfies the 3-sytem of equations
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a3y Mg
X
daw, «o
1.34 == (B+W,
(1.34) W x(ﬂ 9]
135y M _ %oy
W.dx x

§2. Q.M. W, W)
Before we solve the system (E), we define a function Q, (W,,W,,W,) of (W,,W,,W;) by the

power series

c

Q@0 O.W.W,, W)= 2B-b+ WSS T Qun-r+ W, +(r+D

_1 ﬂ W i n Wzr+lW3n7r

PQ, and PQ._ denote the sets
22 AQ, = {: eC ‘ z=/[q, q isa positive rational number}
23) pQ_= {z € C‘ z=/pq, q Iis anegativerational number},

respectively. Then we can verify

Lemma 1, The power series (2.1) converges uniformly in the domain

24) DLW eD, =,y eC| Wefo, <L <t [, +m|<1]

Proof Put
© n WVWV‘*V o) A
2.5 C 23 = AT wWow,w,",
2:3) Z(;ZO "Qu-r+ )W, +(r+1)p ,Z;; LR
namely
1
(2.6) A],((W)

€ T+ 2k+ W, +(j+ 1B

then we have
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_[oaaCin G2+ DM+ G4DB
oy \ | WG, U+2k+2W, +(j+2)B

\]+k+1 (j+ 2k + )W, +(J+1)ﬂ\
JHl 2k + 2, +(j+2)]

.|

Therefore if (2.4) is satisfied, we see the (2.7) tends to ‘Wz‘ <1 as j—> o, and similarly

k+1

4 70 W

swaCy G+2Kk e W, + G+ DB
W, W, \ | uC, U+2k+2W, +(j+DB

jrk+1 (j+2k+DW, +(]+1)/3\‘ W,
\k+1 (j+2k+2W, +(j+ D]

(2.8)

‘ ]k

tends to ‘W3‘<1 as k—> o

Thus we obtain the lemma.

It follows from this lemma, we can show

Proposition 2,  For the solution (W,,W,,W,) = (W,(x),W,(x),W,(x)) € D, of (1.33),(1.34),(1.35)
O, (W, (x), W,(x),W,(x)) satisfies

dO, (W, (x), W, (x), W (x))

(2.9 T TV L, W (), W, (), (x))

Proof
2x dO. (W, (). W5 (W (x) _ 2x 00, dW, 30, dW, _30. W,
a dx aadeade ow, dx

/f b -tV w, Z; Z(; ner (r(;)(f i II/I)/V;++2((: + 1;);/] W

ﬂ W = r n-r ﬁ W
LCW, W =W, + W,
W Z W =y Z(W )

_ ﬂ _Wl . Wz
B-b+W, 1-W, -W,

=V,(W,(x), W, (x),W,(x))
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Remark 2, Assume that Re(x/)>0 and Re(af)>0. When x tends to 0 in a sector
with vertex x =0, then W, (x)and ¥, (x)tendsto0, if ‘Wl‘ = ‘Cl‘ is sufficiently small. Moreover
we see that O, (W, (x), W, (x),W,(x)) tends to 0 by using O, (W,,W,,W,)=0O(W,) near

. W, w5) = (0,0,0).

Next we define a function ~ Q_ (W, W,,W,) of (W,,W,,W,) by the power series

(_ WZ j;ﬂ(lJrr r
1AW &3 W) \IW
210) e, W, 0,) = 28- b+W§;,U"C"(—2n+r—1)m+(r+1)ﬁ'

As in Lemma 1+ we can verify

Lemma 1_ The power series (2.10) converges uniformly in the domain

/%
(211) (VVHWZaW%)EDE{(VVUWzaW})eC} VVleﬂQJr > I/Vz <1,
3

i <1,
w;

W, 1)
Wy W,

i

Proof Put

(5T -
. w, ) (w. S AYER
(2.12) ;r = (2n+r-Hiw, +(r+1)p JZ:O;AM(WI)(_MJ [WJ 7

namely

1
€ T2k + D)W +(j+ DS

(2.13) A4, (W)=

then we have

A O, >[— Z] [V;j
o (WJ[— Zj [V;]

|kl G2k DG DB W
| L 2k +(+2)B| W

jinCon G+2U+DI, +(+DE W,

2.14
@1 | WG U+2k+2W, +(j+2)B W,
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W,
Therefore if (2.11) is satisfied, we see the (2.10) tends to |—= <1 as j —> ©, and similarly

W j 1 k+1

(2 15) — 1‘+k+1C/_(j+2k+l)VV1+(j+l)ﬂli
A G, G2kt 2W (DB W,
kAl G2k +GHDB| |1
| k1 (J+2k+2)W+(j+1)ﬂ\

tendsto |[—| <1 as k>

3

Proposition 2_  For the solution (W,,W,,W,) = (W,(x),W,(x),W,(x)) € D_ of (1.33),(1.34),(1.35),
O (W, (x), W, (x),W;(x)) satisfies

dO (W, (x), W, (x),W;(x))
dx

(2.16) ?V > (W, (x), W, (%), W5 (x))

Proof Since QO (W,,W,,W,) is written by

B 1 ﬁ W ZZ (_W2)1‘+1W3—("+1>
28— b+ W, 5" " (2n+r DWW, +(r+1)p’

Q2.17) Q- (W, Wy, W5) =

we have

2x dO_ (W, (0. W, (W (x) _ 2x 00, dWy 00, dW, 30, dW,

a dx _a(BW dx oW, dx oW, dx
LB g o B 20 Dy sy
pben 2 o g
VS S AN SR
,B—b‘*‘VVln:()r:on ' Ws W;
2 2
B-b+W, W — W W
_ B - Y A
B=b+W, Wy [ Wy 1 B-b+W, Wi+ W, -1
W3 WE
=V, (%), W, (x), (%))

(64)



AV I 4 BES YN TIRRR ORI B W TH NS 7 MM R RO G )

Remark 2_ Assume that Re(x/]) <0 and Re(aff)>0. When x tends to 0 in a sector

W) ond

1
with vertex x =0, then
Wi(x)  Wi(x)

tendsto 0, if ‘Wl‘ = ‘Cl‘ is sufficiently small. Moreover

we see that  O_(W,(x), W, (x),W;(x)) tends to O by using Q (W,,W,,.W,) = O(%) near

3

(Wl,%,Wi) = (0.0,0).

3 W3
As for V; and V, we should notice
Proposition 3

L(B+WOW, + 20\ W,
2 =W, W,

1
(2.18) W, W, W) =W, + _EVZ(WI’W29W3)
Proof By (1.30) we have

@19 (=1, - W,y =, ——2B=)

2p-bl
W (=W, =)+ W, + W, 2B
‘ ST2(B—brW,)
(=, -+ LW W gy BEZIR)
‘ 2 2 B-b+W,
2_ 2
W, w4 B AW W (B W)
2 2B-b+W,)
Remark 3 If (W,,W,,W,) satisfies (1.33), (1.34),(1.35), it is easy to verify

_g(ﬂ"'VVJWz +2W W
1-w,-Ww,

d
(220) ~log(I=1¥, ~I,) =

§3. A general solution of (E)

We define a function A(x) by

i(f)dx - LZ WL
X’ 2x X

3.1) Mm:ﬁ
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U, Solution of (1.2)  First we shall solve the equation (1.2) .

From Proposition 1 and Proposition 3 it follows that

(B2) V4V, =2V, =V, +V, =20, - V) =2, +V; +7,

w, 20,
=2W, + Wl+](’3+ s+ 1W3—1V2 +V,
2 1-W,-W, 2
:_WI+I(,B+WI)W2+2VKW3+1V2
2 =W, -, 2

Hence we have

U, dx X x 2 1-W, —W, )
logU, :—A(X)+(—02{(a—b)+ljlogx—;]()g{W;(l_Wz _Ww)}+Q¢(W],W2,W3)+consﬁ
—%(a—b)+1 1 5
(3.4) U, = K, exp(—A(x))x (m AT T2 (x))j exp(Q, (W, (x), W, (x),W,(x))),

K, being an integration constant.

U, Solution of (1.3) Next we solve the equation (1.3) . The similar calculations above yields

L(B+WOW, +2W W, 1

3.5 2V 4V, =2W, + V.
( ) 1 3 1 2 1—W2 —M 2 2
By making use of
3.6) Lavrce-dy=%(a-b)+ap,
2 2
we obtain
W;(x)

37 U, =K, exp(A(x))xZ(”MW{ J exp(—0. (W, (x). IV, (x). W, (x))).

1=W,(x)=W;(x)

K, being an integration constant.

U, Solution of (1.1) In order to solve (1.1), put
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A Za-by+l ( W, (x)

(3.8) U, = exp(A(x))x* l_VVz(x)_VVz(x)j exp(-Q. (W, W,,W;)) ,

and define

-1

(3.9) Uy =U,

then 01 satisfies

(3.10) chl = iz(ﬂ1 (x) +ox’V,(x))
Udx x

1

and
Gan AU _du v, _ ab U, _ abK, W,
Uldx Udx Udx 2x U, 2x U/
Hence
. bK w. bK w.
(3.12) U =——2= I&dx:——s- 2+ const.
2 X 2 pB+W,

Thus we obtain

W;(x)

l—Wz(x)—W3(x)J exp(=Q. (W, (x), W, (x),W;(x)))

(.13) U =K, exp(A(x))xz(”W[

bK, W, Za-byn ( W, (x)

o B -exp(A(x))x? l—Wz(x)—W3(x)J exp(—Q, (W, (x),W,(x),W,(x))),

K, being an integration constant.

U, Solution of (1.4) In order to solve (1.4) put

2
XV

(B.14) U, = F(x)

3
Then we have

(3.15) logF(x)=logU, +loglU, —2logx —logV,

x° dilogF(x) = (A, (%) + 20V, +00c2V3)+(ﬂ4(x)—00c2V3)+ax2gz(g—Vlj—sz
X 4
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ox’? b
7 (=N, +2ny; +5Vz)

3

:ZaVI+wc2i(é—l/l)+axz(m_2yl_éﬁ)
U, 2 8 2V,
2 b (U, Vs
- (] Vl)(m V}]
xdF@ b UU, V)b )Vz( 0
a F(xydx 2 \xX*VF(x) V,) 2 " zV p(x)
c1e I (b ,)2( F()
a dx

By (1.31), (3.4), (3.7) we have

(3.17) %EKZIQ il adi
xV; ﬁ W

Thus (3.16) has a particular solution

(3.18) F=C,=K,K,-

Put
(3.19) F=G+C,.
Then we have

Gaoy L2y bk
Gdx x 27

a b V,
321 logG = | =V, ——)—*dx
(2D logG= [0, 27
We see by Proposition 1 that

N2 b V. b, V.
V-2 W V. - D) 2=+ (W - 2). 22
(1 2)V; (1 3 2)V3 2 ( 1 2)V;

Further

v, (B =wiw, AB-b+W)
V,  B-b+W,  —2B-b+ W)W, (W, +W,)+b(S~ W)W,
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2P W,
~2(B— b+ W W, (W, + ;) + BB~ W)W,

w.
2B -W -2
B 1)W3

SR bW+ +BB- W)

W.
28 -wH—=
B 1)W3

=2p-b+ W)W, +(ﬂ+W1)(b—2Wl)%

3

w.
By (1.34) and (1.35) Wz satisfies

3

d W. o
22 “log—2=(B-W,)=
(322) =5 (B=M)~
Hence
2pr -
aV, W,
T2 de
oo 7 2P+ WW, + (B W)b-2W,)
_ 287 - W) L d(sz
—2(/3—b+Wl>Wl+<ﬂ+Wl)<b—2W1>% B AW
23 2l 2065+ ) d(WZJ
XV, W,

—2<ﬂ—b+Wl)Wl+<ﬂ+Wl)(b—2W1)%

3

Thus we have

07, 2B+ 1))
logG =-20, + log{

WZ
ST (BW b -2 _2(ﬂ_b+W1)Wl+(ﬂ+W1)(b—2Wl)W}+const

3

=-20, - log{— 2B-b+W)OW, +(B+W,)b—- ZVVI)VVZZ} + const
W3

O O R W+ (B W)W, b,

G5
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and

2
325 U, ="Virw
U3
_VKW2+MWZ_VI/}W3 y
20B-b+W)) ~Zla-by+l

1

} : w. 2
- K, exp(-A 2w ——2— | exp(O,
W, W, 5 exXp(=A(x))x > El—Wz—WJ p(Q.)

-{const-exp(—ZQJ W, + CO}
S 2AB-bH W)W+ (B+IW)2W, - bW,

St 2B b+ W)W, (W, + Ws) + b(S - W)W,
1 1
2Ap-b+W)W, W2 (1-W, _W3)2
et =2(f b+ W)W\ (W, + W) +b(S - W)W,
2B = b+ W)W, + (B +W,)2W, - b)Y,

— Kz(ﬂ_b+W1)

XA+ 0

+ Ky exp(=A(x) - 0, )x

1

. W}E
1
2(ﬂ_b+W1)W2(1_W2 —W3)3

>

K, being an integration constant.

Thus we have obtained the main theorem in this paper:

Theorem A general solution of (E)+(F) is described by

1
a %(zﬁb)ﬂ W3 2
G13) U =K exphox? | | exp(-0, (7, .. ,))
1-w,-w,

jz exp(—0, (W, W, ;)

bK w. a-by+ Ww.
s e
2 B+, =W, —W,

G4 U, =K exp-Ax 2

) 2
(WJ exp(Q, (W, W, W)

2 a-b)+1 w. 2
(3.7) U, = Ky exp(A(x))x? W2(3J exp(=0. W, W, W;))
1-w, -w,
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et = 2B = b+ W)W, (Wy + W)+ b(B - W)W,

(325) U, =K, exp(-A(x)-Q.)x 2B — b+ W)WV, +(f + W)W, ~ b,

1
1
2(IB_b+W1)I/V2(1_W2 _Ws)i

— —za— + —2 — —
LRSI s (R BN USSR VRN

_ 1 1
! 20 -b+WHW, W2 (1-W, —W;)?

and
(1.30) Vs{Wl—’MWZ}(l—WZ—WJ*
2B bW,
_ ﬂz_le _ _ -1
A A

(132) K:%WW+ZMPM)W

-Ww, s 1-W, -W,)",
1 2 2(ﬁ—b+VVI) 2 1 3}( 2 3)

where

127y w,=cC
(128) W, =C,'x*/*
(129) W, =C,'x*",

K, K, K, K,and C,',C,"',C,"' being arbitrary constants.

Corollary The solution of (E) satisfying
(325 x?*UU,=V,, x7UU,=V,, x7UU,=V,,

is obtained when the integration constants K, K,, K, K,and C,',C,', C,'satisfy

ﬂz —C 12
(3.26) K\K,=0C", K,Ky="—-—, K,=0,
B—b+C,'
Proof It follows from (3.13) and (3.4) that
1 bK,K, W, 1

(327) x?UU,=KK, - : :
1-W, -W, 2 AW =W, W,
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T, -\ 2 bW, B,
=7,

1 (W b p-W sz

Similarly it follows from (3.4) and (3.7) that

(328)  xUU, =K,K,

W, _B-wE v,
1-W,-W, B-b+W, 1-W,-Ww, °

And finally it follows from (3.7) and (3.25)

(329)  xUU, = KZK;(f _V;’jWI)WZ[
-

W, 2
1-W, —W,
2B bWV (W, + W) + (B - W W,

1

1 -
2B~ b+ WO W2 (=W, 1)

w. 2
+ KK, exp(-20,) W,| ————
;K exp(=20,) 2(1—W2—W3)

2B b+ W WOV, + W)+ bW W, We
20— b+ W Wy + (B + W, )W, — b)Y,

2B b+ W, (1=, — W)

(329)  x*UU _ KK (B-b+ W) 1 S2B b+ W (W, + W)+ BB - W)W,
' e B -} 1-w, - W, 2B-b+W))
:1.{_W1(W2+W3)+b<ﬂ—w}
1-W, —W, 2B-b+W,))
=V,
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